Infinite Series

Chapter 4

Infinite series
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Infinite Series

4.1 Introduction

A lot of students are confused between sequences and series,

so we have first to clarify the difference between them.

Sequence is a function whose domain is the set of positive

integers, the sequence {Sn }oo | converge to a limit if
n=

limS,=L,LeR (1)

n—oo

A series 1s the sum of the terms of a sequence. Finite
sequences and series have defined first and last terms,
whereas infinite sequences and series continue indefinitely.
In mathematics, given an infinite sequence of numbers { a, },
a series is informally the result of adding all those terms

together: a; +a, +a;+ - - -

These can be written more compactly using the summation

symbol > ..
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Infinite Series

Series i1s summation of number of terms, if the number of
terms 1s finite, then it is called finite series, but if the number

of terms is infinite, then it is called infinite series.

A necessary but not sufficient condition for the series ZUH
n=l|

to be convergentis lim U, =0.
n—oo

Example 1

Which of the following series may be convergent?

— 1 1 = 3"
n=l n=l n=l
Solution:

The first and third series are divergent since &g}l}o % #0 and

n
lim EN # 0, while the second series may be convergent since
n—o n+1

lim ﬁ= 0, but by test of convergence we will find that this

series 1s divergent.
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Infinite Series

Special cases

1-Sequence {rn}oo 1is convergent if &g}l}o =0, -I<r<1
n=

2- Sequence {rn}oo is divergent if lim r" =00, r>1orr<-1
n=l n—o0

3- Series Z—p is convergent if P> 1
n=i 1

o0

4- Series Z—p is divergent if P < 1
=1l

5- Series ZPH is convergent if 0 <P <1
6- Series ZPH is divergent if P > 1
n=l|

Example 2

Test the following series for convergence:
— 1,3 = 2 — 3\1-n - 1
D AE R N I

n=l
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Infinite Series

Solution:

Refer to the above special cases 3, 4, 5, 6, we will get the first
and second series are convergent while the third and fourth

series are divergent.

Cauchy sequence

Every convergent sequence is called Cauchy sequence
Example 3

Determine Cauchy sequence from the following sequences:

) " 17 [ ] [ (n+3 2n
n=l’ 311 n:I’ n n=1, n+l nl 2+1 n=l

Solution:

Refer to second point in the above special cases, therefore

{3n } is divergent and refer to formula (1) for determining
n=l

whether the other sequences convergent or not, therefore
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Infinite Series

00 o0 00 ®©
n o ’ )
3 n=lI n n=l| n+l n=I n=1

convergent sequences, since  lim % =0, lim 1_
n—o 3 n—w n
o0
. + .
lim S0 =3 | , (n 32 =¢ef, but {2 is divergent
n—on+1 n—)oo n+1
n=l1

sequence  since llm =0, hence the convergent

n?+1
sequences are Cauchy sequences.

Report 1

Is the sequence { cgﬁn } convergent?
n=l|

4.2 Test of Convergence

As we know, the necessary but not sufficient condition for

the series ZUH to be convergent is lim U, =0, and then we
n=l|

have to use suitable method for test of convergence from the

following methods.
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Infinite Series

A- Cauchy test ( n™ root test)

Consider the seriesZUn , and then to test whether the series
o

is convergent or divergent using Cauchy test, apply the

following steps:

e Take the n™ root for U,, then take the limit of U, when n

tends to infinity,

o If limyU, <1, then ;Un is convergent, if lim yU, > 1,

then ;Un is divergent, but if I11_r)r01O YU, =1, then this test
fail and we have to search for another method.
Example 4

Test the following series for convergence:

SEDNAN S, o) Z L z<n+3 ,
n=I n=I
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Infinite Series

Solution:

=

n . .
a) Sincelimp" =lim 2 =w>1, therefore 1s
n—% 43 n—o0 3

M8
ws‘ =

=3
Il
—_

divergent,

[ 2
. . n, -n _ . -n _ _n *
b) Since lim Ve™ = lim e™=0<1, therefore E e 18

n=1
convergent,
1 1 1
c) Since hrn n /n—n = hngo H—O< 1, therefore r;n—n 1s
convergent,

d) Since lim n,/(n+3 n_)00(IlJF3 =eb>1, thus

2n2
Z (n +3 is divergent,

n=

e) Since lim n‘/(2n 3)n =1}g130(%”) = %< 1, hence

0 n n
Z (m) 1s convergent.
n=1
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B- Integral test

Consider the series ZUH’ then to test whether the series is
n=l

convergent or divergent using integral test so that if

I U, dn equal any real number, then ZUH is convergent and
1 n=l

if jUn dn=o0, then ) U, is divergent.
1 n=l

Example 5

Test the following series for convergence:
o0 ) o0 1 o0 en
a ne™, b , C )
AN 2w 9 Ly

e) i%
n=I

= 1
d ,
) ;eznﬂ

Solution:

a) Since jn e™ dn= _71 j 2ne™ dn= _71(6'“2 )Oo =
1 1 1

o0 _n2 .
Z ne 1S convergent,
n=1
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dn:(tan‘ln)?O =%—%_% thelreforeZ:n o

b) Si
) 1nce.!r12+1

1S convergent,

. T e" RPN e SR SRS (S | AP
c)Slnce!eandn—(tan e )l =tan~' co—tan e=5 tan"e,
therefore 1S convergent,

;ez ni] 8
T 1+e2"
d dn = [(—=——)dn = (- dn
)!eznﬂ !( e2n ) -[( 2n+1)
_ . In(e™+1),* _In(e®+1) :
= (n- 3 )1 =—5 1 , therefore ] 1S
convergent,

e) Since J.% dn=(In n)?O =00, therefore Z% is divergent.
1 n=1

205



Infinite Series

C - Ratio test

Consider the seriesZUn , and then to test whether the series
n=lI

is convergent or divergent using ratio test, apply the

following steps:

| | U
e Find U, and obtain the ratio ULH’
n

. .U e
e Take the limit of the ratio ULH when n tends to infinity,
n

U SR |
o If lim U—:< 1, then ;Un is convergent and if

U © o U
lim U—:> 1, then ;Un is divergent, but if lim U—:— 1,

then this test fail and we have to search for another method.

Example 6

Test the following series for convergence:

0 1 0 3n 0 on! 0 _n
D X D X 9 2o 9 X0
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Solution:
. _ 1 .U,  n 1
a) Since U, CERMIE hence the ratio U (n+1)' T
SO 11m Uit _ = 0< 1, therefore | is convergent
Un Za g 9

3 n+l

CERNESE hence the ratio

b) Since U,;=

ntl, - 2
Um_ 3 (@ +1)n _3@m —21) , solim Uni 2351 and
Us  ((n+1p2+D3"  (F1y+1" oo U,

o0 n
3L
thus E — 1s divergent,
n:1n2+1 &

c¢) Since U,y = (2n+2)t hence the ratio

(+1)1*’

Ui _(2n+2)!(n)? _(2n+2)(2n+1)
Un ((n+1)v)22n' (n+1)2

therefore Z ! )2 is divergent,
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_(n+1)n*l

d) Since U,;; =~————~——, hence the ratio
(n+1)!

n+1
Uy _(@m+1)*n! n+1 —(1+—) so lim —otl Yni _ =e>1,

U, (n+1)h" oo Uy
o0 nn
therefore — is divergent,
— n!

>

: — .U +1)e" n+
e) Since U,y = nn+11, hence the ratio I}Hl _(@ ?ﬁ = nnel
e n ne

U
so lim —2+ ni = Lo 1, therefore Z— 1s convergent.
Un € =ie

D- Comparison test

o0
Consider the series ZUH, then to test whether the series is
n=l

convergent or divergent using comparison test. This done by

Choosing series >V, from » U, so that if V, > U, and V,
n=I n=l

convergent, then U, convergent and if V, < U, and V,

divergent, then U, divergent.
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Example 7

Test the following series for convergence:

> n2 | | > n2

a) ——, b) ———, ©) ——, d) —_—,
;5Vn2+1 ;n3+1 r;m(n) nzz‘ix/n75+n
~ 1

e .

) Il:1(2n+3)3

Solution:

a) The series »V, = Zn% is divergent, therefore
n=lI

n=l

i n? is di 8/5 2 d

1S divergent as n = as n tends to
n=15\]n2+1 5n2+1
infinity.
b) The series "V, =) — is convergent, therefore " — 1

n=I n=1 n n=1 n- +
. 1 1
1S convergent as 5~ 3 -
n n’+1
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. o0 _ o0 1 . . o0 1
¢) The series nZTVH nZ:‘iH is divergent, therefore I;ln(—n)
is divergent as 1o 1 .

n In(n)

o0

. X 1 . .

d) The series V =§ — 1s divergent, therefore
1’; ! n=1 n

o0 2 2

n . . 1 n
——— 1is divergent as— = —— as n tends to

HZ:; n° +n vn Vn® +n

e) The series ZVH = ZL is convergent, therefore
n=l 81’1

Z 1s convergent as 1 > ;
(2n +3 nd  (2n+3)°

n=1

Q0
Note: For the serlesZUn, if lim U,#0 , then > U, is
n=1 n=l1

divergent
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4.3 Alternating series

In mathematics, an alternating series is an infinite series of

the form Z (-1)n U, with U, >0 (or U, <0) for all n. A finite
n=1

sum of this kind is an alternating sum. An alternating series
converges if the terms U, converge to 0 monotonically. It
may be absolutely convergent or conditionally convergent or

divergent.

The alternating series Z (-1)n U, to be absolutely convergent

n=1
or conditionally convergent must satisfy the following

conditions:

a) &g}l}o U,=0, b)U,>U,,, otherwise it will be divergent.

If the above conditions are satisfied and ZUH is convergent,

n=1

then Z:(-I)HUIl is called absolutely convergent and if
n=1
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D Uyis divergent, then Z(-l)n U, is called conditionally
n=1 n=I
convergent.

Example 8

Determine the convergent series and classify them

n-1 n-1 n-1
N 2n(-1) - (1) v (-]
a) —t, b)
HZ:“I 4n? -3 HZ:“I n+3 HZ:“I
-1 n-1
(1) (1) 3
D2 92
n=1 n=1
Solution
2n . 2n 2n+2
a Let Un = —Q, 11m—:O, Ul’l = ,
) 4n2—3 152 4n2_3 T 4m+1)2-3

hence U, > U,.; . By using integral test, we will get that

o 2n 2n(1) N
di t A lled conditionall
nZ:lémz 315 vergent, SO Z:: a3 is called conditionally

convergent.
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1 1 1

b) Let U= ———, lim =0, U,,;= —————, hence

) n2+3" o243 T m+1)2+3

U, > U,+; . By using integral test, we will get that Z
‘n?+3

n-1

1s convergent, so Z( ) 3 is called absolutely convergent.
n?+

n=1

: 2n _ 1
) lim _09 Un+1 - ma SO Un > Un—l—l .

n’ n-o4p2_

By using integral test, we will get that Z%is divergent, and

n-1

then is called conditionally convergent.

s
o
D

1

_ 1
() (n) n_m Tn(n) =0, U,y = ———, hence

d) Let U, = In(n+1)
U, > U,4+;. By using comparison test, we will get that Z —ln%n)
n=1

n-1

l-n(n)

is divergent, so is called conditionally convergent.

i [Ms
~
[E—
p——
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3n 3n 3n+1
e) Let U, = 15}30 o =0,U,; = CEENE hence U,> U, .
Qo0 3n
By using ratio test, we will get that ZF 1s convergent, so
n=1 """

0 1 n-1 3n
Z% is called absolutely convergent.

4.4 Power series

In mathematics, a power series (in one variable) is an infinite

series of the form f(x) = ian(x-c)n =a,ta(x-¢) +

az(x-c)2 Jraz(x—c)3 +..., where a, represents the coefficient of
the nth term, ¢ is a constant, and x varies around c¢ (for this
reason one sometimes speaks of the series as being centered
at ¢). This series usually arises as the Taylor series of some
known function; the Taylor series article contains many
examples. In many situations ¢ is equal to zero, for instance
when considering a Maclaurin series. In such cases, the
power series takes the simpler form:

o0
f(x)=> a,x"=a,+ax+a,x*+a x> +...

n=0
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4.4.1 Interval of convergence of power series

To determine the interval of convergence of power

o0
series Zun(xb)n, we have to use ratio test such that

to obtain the interval of convergence.
Example 9

Find interval of convergence for the following power series

n-1 n n-l
S (-1) x2° 3 X > (X
a)y —2 = b , C
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Solution
ol on D on+2
a) Since U, = %, and U, = D) x=72 ANy , hence the
n-+3 (n+1)~+
n
ratio |Un+1|=‘ n?+3 (-1 2n+2‘ _(n2+3)x2‘, therefore
| Un | ‘(n+1)2+3 D)™ x| | (1)
2 2

lim Y| lim G lim [x ‘< 1 to be convergent,
n—00 Un n—00 (n_|_1)2 +3 n—00

hence -1 <x <1 is the interval of convergence.

3n n-1 3n+1 n
b) Since U, = %, and U, = (nT)l()!’ hence the ratio
n+l n
Upalo o375 s i Yl g 2
‘ ‘ ‘(n+1)'3 X" n (n+1)

n n-l
is convergent for all x.

=0<1, hence 23
“~
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. -n2 + -(n+1)2
c¢) Since U, = nXe_n’ and U, = (n l)ne+1 , hence the
X

n+1)e(n+1)‘ | (n+1) |
n+1 ‘ ‘ne(2n+l)X

rat10% %=} x7( , thus lim ‘%;l

_(+])

= lim ey

n—oo

Q0 _n2
=0<1,s0 n;n is convergent for all x.

n+l
d) Since U, = (x 2) ,and U, =%,
(n+1)>+1

3 hence the ratio
+1

U || @ +nx-2™ |0 +1)x-2)
Un | [(@+1DP+1)(x-2)" | [((+1)]

, therefore

\(n3 +1)(x-2)|

_—ntl|—
IHOO\ (n+1)3+1)|

A

= nli_r}(}o‘(x—2)‘<l to be

convergent, hence 1 <x < 3 is the interval of convergence.

n n+l
- 2 3 n° & Un+l = 3 nt
(n*+1)(x-2) (n+1)2+1)(x-2)

-2 || 3@+ |
((n+1)2+l)(X-2)nH‘ ‘((n+1)2+1)(x-2)‘
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Therefore
U] _ | 324D | ] 3
LU r}glf}o‘((n+l)2+l)(x—2)‘ Ay <L to be

convergent, hence‘x—2‘>3, thus x > 5 or x < -1 the interval

of convergence.

4.5 Problems

I) Do the following sequences {a,} converge or diverge?

n -1
. n 2 _(=D™"'n
a) an—e—n, b) an—{“'a} ) c) an—?
d)a :211——7 e)a :ﬁ f)a :\/n+2—\/n+1
" 3n+1 noon” n
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IT) Test the following series for convergence

) Zm 2(31?;)!

gll o Jlr5n ;: 53nn++72n Z 3n (;n!)2
2(211311)v Znnz!n

22_ Pereers 2
ni;l(2nn+3)4n ;(2nn+3)
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T3 +2
o0 en
2
n=I

o0 311

= (@n+Dh"



- Ln(n)
) D
n=2 n
i 00 cosn + sinn
& - 1smn —cosn

i 7
“~3n’+2n
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Z nln(n)

n=2
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0 0 0 3
-D" -n" -D"Vn
e
' Zry Lo X v
$- cos(um) i(-l)“ i(-l)“'lsn i('l)r:l
~ n +1 nzznln(n) —~ (2n+1)! ~ n?2
0 n-1 0 n-1 0 n-1
Z (-1) Z 3n(-1) Z (-1)
n=1 n+1 n=1 n?+3 n=l4nz_3
0 o0 2 0 n 0
(-10)" n (-1) n+2
Z ;42n+1(n+1)’ ;(211—1)" nzzl(nzﬂ) 1;2n+7’
i n" i[Sn-3n3]n i 1 i n
n:l3(l+2n) , n=1 7n3 12 , n:13n n’ n=1 n2 —COSz(Il) ,
o 2 0 2 0 n-3 0
Zn +2 Z4n +n Z(—l) Jn Zcos(nn)
n=1n4+5 307 40l P n+4 et Jn
—2n2 +1," o~ 7 = 1 o 2
IIZ::I[ n2+1] ’ ;13n2+2n HZZHLH(II)’ ;ne
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n+1

5 +7" < Ln(n) = (-1)
Z3n+2n= Z n °’ Z 1’1')2, Z n2t ’

IT) Find interval of convergence for the following series and
determine the behavior of the series at the endpoints of the
interval. State clearly where the series converges absolutely,

where it converges conditionally, and where 1t diverges.

Z(l)“ x2n i(l)‘“(x -2)" i -D)"

“22mhy?’ 4 on2 T ~n+)ixent

= 0 — (x-3)2 1 6)1
nZ::1n3xz , Z(Xn!) ’ Z( )n(;<n )

& (-1)" X" 1 1) <\ X"
2(311211!))(2 nzl( )2(§| ) ZX_1

$ -2 $ paxn $n(cr2)”
n=1 =1
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